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Outline of the work:

Dr. Shihoko Ishii is one of the international leaders in the study of singularities of algebraic
geometry. Singularities appear in all aspects of geometry and analysis, embody their characteristic
features, and create various difficulties. One method for overcoming them is the resolution of
singularities achieved by Dr. Heisuke Hironaka. There is another standpoint, i.e., treating
singularities and their related phenomena as the objects of study with rich content, understanding
their natures and structures and classifying “good” singularities if possible. It is essential to allow
certain “good” singularities in the framework of the higher dimensional birational algebraic
geometry (minimal model theory), which has greatly been developed since the end of the last
century. Thus, the study of singularities is considered progressively important, and Dr. Ishii’s
achievements are remarkable in this stream of research. Her research covers various aspects of
singularities including the theory of isolated normal singularities. We will describe three main
accomplishments and their influences.

1. Characterization of Du Bois singularities ([3], 1985)

She proved that the following three groups of isolated Gorenstein singularities are equal: (a) the
Du Bois singularities described by the Hodge Theory, (b) log canonical singularities in the minimal
model theory; and (c) rational or purely elliptic singularities in the classical terminology of
singularities. This result attracted significant attention because it proved seemingly different
characterizations from different viewpoints to be equivalent, and later it was generalized to the case
of nonisolated singularities.

2. Contribution to the Nash Problem ([16], 2003, joint work with J. Kollar)

The arc space of a variety X (the set of all infinitesimal curves on X) is a notion introduced by J.
F. Nash, who aimed at considering a natural resolution of singularities. The set of all infinitesimal
curves on X passing through some singular point of X consists of a finite number of components
(Nash components). Nash (1968) proposed a problem asking whether there is a one-to-one
correspondence between the set of the Nash components and that of the so-called essential divisors
in Hironaka’s resolution of singularities of X. The study [16] constructed a counterexample to the
Nash Problem in every four or higher dimension while settling it affirmatively for toric varieties in



all dimensions. Having settled a problem negatively that had been open for more than 30 years,
their work was a big surprise to the researchers in algebraic geometry and topology.

3. Structure of the arc space of toric varieties ([17], 2004)

It is nearly impossible to concretely describe the arc space of a general algebraic variety.
However, in the case of a toric variety X with the action of an algebraic torus T, the quotient space
of the arc space of X by the action of the arc space of T can be completely described in terms of
toric variety X. This result [17] became a fundamental principle in studying arc and jet spaces and
influenced many researchers. For instance, it was used in the theory of horospherical varieties by V.
Batyrev—A. Moreau (2013).

In addition to the above three, Dr. Ishii’s achievements include important results: the upper
semi-continuity of plurigenera of isolated singularities (1986), the injectivity property of the natural
functor attaching the morphism of associated arc spaces to that of varieties ([23], 2010, joint work
with J. Winkelmann), and the arc space-theoretic description of the minimal log discrepancy, which
is a birational invariant of a singularity (2017).

One feature of Dr. Ishii’s research is the unpredictability in a good sense. It is demonstrated by
the counterexample to the Nash Problem and the discovery of the hidden relationships between
various notions (such as Hodge theory and birational geometry, arc spaces and birational geometry).
Dr. Ishii’s new and original discoveries have affected algebraic geometry and wide areas, such as
commutative algebra and topology. She is open to joint research and has many and diverse
collaborators.

As stated above, Dr. Ishii’s deep and wide academic achievements on singularities and arc
spaces deserve the Japan Academy Prize.
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